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1. INTRODUCTION
Let G be a nite group and let χ be a faithful character of G. It seems
that even if χ is irreducible there is no general theory about how χ2 de-
composes into irreducible constituents. However, if we assume that χ2 has
a small number of irreducible constituents, we may have a good chance to
determine the group structure of G. For example, in [12] Isaacs and Zisser
studied the case in which χ is irreducible and χ2 has at most two different
irreducible constituents.
In this paper, we treat the case in which χ is a real valued irreducible
character or the sum of two complex conjugate irreducible characters. If χ2
has at most three types of constituents including χ itself, then we can de-
termine the group structure of G (Theorem 1.1). Such characters naturally
arise from the study on the Q-polynomial property of group association
schemes. As a corollary of Theorem 1.1, we can classify all group associa-
tion schemes whose symmetrizations become Q-polynomial (Theorem 1.2).
This is one of the main motivations to prove Theorem 1.1.
In order to state our theorems, we rst dene some notation on the
characters of a nite group. Let IrrG be the set of absolutely irreducible
ordinary (complex) characters of a nite group G. For φ ∈ IrrG, let
φˆ =
(
φ if φ is real valued,
φ+ φ¯ otherwise,
where φ¯ is the character of the contragredient of the representation afford-
ing φ. Hence φ¯g = φg = φg−1 for g ∈ G. Let
RIrrG = φˆ φ ∈ IrrG}:
Let Q¯ be the algebraic closure of Q in C, and for a character φ of G let
Qφ denote the subeld of Q¯ generated by the values of φ. Let GalL/K
denote the Galois group of a eld extension L/K.
For χ ∈ IrrG, let
χˆ2 = b · 1+ a · χˆ+9 (1)
such that 9 is a character of G which does not contain χ nor the principal
character 1 as a constituent. By (1), 9 is stable under the action of the
Galois group GalQ¯/Qχˆ. In this paper, we investigate the simplest case
when 9 is a scalar multiple of the sum of characters in a single orbit under
the action of GalQ¯/Qχˆ. Namely, we prove the following:
Theorem 1.1. Let G be a nite group and let χ; ψ1; : : : ; ψr ∈ IrrG.
Suppose
χˆ2 = b · 1+ a · χˆ+ c · (ψˆ1 + · · · + ψˆr (2)
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with nonnegative integers a; b; c, and ψˆ1; : : : ; ψˆr is a single orbit under the
action of the Galois group GalQ¯/Qχˆ. If χ is faithful, then one of the
following holds.
(i) χ1 = 1 and G is a cyclic group.
(ii) G is a Frobenius group whose complement is of prime order p with
p = χ1 = 2r + 1.
(iii) χ1 = χˆ1 = 2, r = 1 and G is isomorphic to S3, the symmetric
group of degree 3.
(iv) χ1 = χˆ1 = 2, r = 1; and G is isomorphic to one of the binary
polyhedral groups, SL2; 3 of order 24, SL2; 3 · 2 of order 48, or SL2; 5
of order 120.
(v) χ1 = χˆ1 = 3, r = 1; and G is isomorphic to A5, the alternating
group of degree 5.
A more precise description of the group G in case (ii) is given in Propo-
sitions 2.1 and 3.1.
Some related results concerning the decomposition of a power of a char-
acter are found in [3, 12, 15].
If the symmetrization of a group association scheme of a nite group G
becomes Q-polynomial, then there exist characters χ;ψ ∈ IrrG satisfying
the following:
χˆ2 = b · 1+ a · χˆ+ c · ψˆ: (3)
Hence we can apply Theorem 1.1 with r = 1.
Theorem 1.2. Let G be a nite group. If the symmetrization of its group
association scheme is Q-polynomial, then one of the following holds.
(i) G ' Zn, the cyclic group of order n,
(ii) G ' S3, the symmetric group of degree 3,
(iii) G ' A4, the alternating group of degree 4,
(iv) G ' SL2; 3, the two dimensional special linear group over the
eld with three elements,
(v) G ' F21, the Frobenius group of order 21.
For denitions and basic properties of group association schemes, see
Section 4. See also [2, 5, 10] for the references.
In Sections 2 and 3, we give a proof of Theorem 1.1. In Section 2, we
treat the case when χ is real valued, i.e., χ = χˆ. In Section 3, we treat the
case when χ is not real valued, and show that the following equation is
satised:
χ2 = e · χ+ f · χ¯: (4)
Then we can invoke the result in [12] mentioned above.
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Before we close this section, we list several basic properties of characters,
which we use very often in this paper.
For characters φ;ψ of G, let
φ;ψ = 1G
X
g∈G
φgψg:
Lemma 1.3. Let φ be a character of a nite group G, and let χ ∈ IrrG.
Let φ2g = φg2 for all g ∈ G.
(1) Both Sym2φ = φ2 +φ2/2 and Alt2φ = φ2 −φ2/2 are char-
acters of G and φ2 = Sym2φ+Alt2φ.
(2) If Alt2χ; 1 = 1, then χ1 is even.
(3) If χ1 > 1, then there is an element g ∈ G such that χg = 0.
(4) If g is an element of odd order, then χg and χg2 are algebraic
conjugate in C.
Proof. For (2), see [8, (3.4)] or [11, p. 58]. The rest are all well known.
See, for example, [8, 11].
2. PROOF OF THEOREM 1.1 FOR THE CASE χ = χˆ
In the following, we prove Theorem 1.1 when χ is real valued in a se-
quence of lemmas. Clearly b = 1 in Eq. (2). We treat the case χ1 > 3 in
Proposition 2.1 and the case χ1 ≤ 3 in Proposition 2.8.
Proposition 2.1. Let G be a nite group and let χ;ψ1; : : : ; ψs ∈ IrrG.
Suppose χ is real valued, i.e., χˆ = χ, and it satises
χ2 = 1+ a · χ+ c · ψ1 + · · · + ψs; (5)
where ψ1; : : : ; ψs is a single orbit under the action of the Galois group
GalQ¯/Qχ. If χ is faithful and χ1 > 3, then G is a Frobenius group
with kernel N of order 2m and complement H of odd prime order p = 2m − 1.
Moreover, χ1 = p = s + 1, and each ψi is a nontrivial linear character with
kernel N for i = 1; : : : ; s.
Note that each ψi is nonreal and s = 2r in Eq. (2).
From now on, assume that G and χ satisfy the hypothesis of Proposi-
tion 2.1. Let 9 = ψ1 + · · · + ψs. Suppose χ is faithful and n = χ1 > 3.
Lemma 2.2. c = 1.
Proof. By Lemma 1.3 (3), there exists an element g ∈ G such that
χg = 0. We have 1 + c · 9g = 0, or 9g = −1/c. Since 9g is an
algebraic integer, c = 1 as desired.
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Lemma 2.3. n = χ1 is odd and the following hold.
(1)
Sym2χ = 1+ a− n− 1/2χ+9
Alt2χ = n− 1/2χ:
(2) 9x = χx2 − a · χx − 1 for every x ∈ G.
(3) χx2 = χx2 − n− 1χx for every x ∈ G.
Proof. (1) By Lemma 1.3 and Lemma 2.2,
χ2 = Sym2χ+Alt2χ = 1+ a · χ+9:
We note that both Sym2χ and Alt2χ are invariant by the action of the
Galois group GalQ¯/Qχ. Hence 9 is a constituent of either Sym2χ or
Alt2χ by our assumption.
First we claim that Alt2χ; 1 = 0. Suppose, on the contrary, Alt2χ; 1 =
1. Then by Lemma 1.3(2), n = χ1 is even.
If Sym2χ;9 = 0, then Sym2χ = a′ · χ for some integer a′. This implies
nn + 1/2 = a′ · n or n + 1/2 = a′ ∈ Z. This is impossible as n is even.
On the other hand, if Sym2χ;9 6= 0, then by the remark above 9 is
contained in Sym2χ as a constituent. Hence Alt2χ = 1 + a′′ · χ for some
integer a′′. This implies nn − 1/2 = 1 + a′′ · n and n divides 2, which is
impossible as n > 3 by our assumption. Thus Alt2χ; 1 = 0.
If Sym2χ;9 = 0, then Sym2χ = 1 + a′ · χ for some integer a′. This
implies nn+ 1/2 = 1+ a′ · n and again n divides 2, which is not the case.
Therefore Sym2χ; 1 = 1, Sym2χ;9 6= 0; and Alt2χ = a′′ ·χ for some
integer a′′. Since Alt2χ1 = nn − 1/2 = a′′ · n, a′′ = n − 1/2 and n is
odd.
(2) and (3) follow immediately.
Lemma 2.4. For every involution t of G, χt = −1. Moreover, the center
of G is trivial.
Proof. Let t be an involution of G and let α = χt. Since χ2t =
χt2 = χ1 = n, by Lemma 2.3 (3),
α2 − n− 1α− n = α− nα+ 1 = 0:
Since χ is faithful, α = −1.
Since χ is real valued and faithful, the order of the center of G is at
most 2. Since χt = −1 and χ1 > 3, there is no element of order 2 in
the center of G.
Lemma 2.5. There is no element of order 4.
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Proof. Let u be an element of order 4. Let α = χu. Since t = u2 is
an involution, χ2u = χu2 = χt = −1 by Lemma 2.4. Therefore by
Lemma 2.3 (3),
α2 − n− 1α+ 1 = 0:
Since the fourth roots of unity are ±√−1; ±1 and χ is real valued, α =
χu is a rational integer. Thus α = ±1 and n = 3, which is not the case.
Lemma 2.6. If χg4 = χg2 for some g ∈ G with g 6= 1, then either
χg2 = 0, or g2 = 1 and χg = −1.
Proof. Let β = χg4 = χg2. Then by Lemma 2.3 (3),
0 = χg22 − n− 1χg2 − χg4 = β2 − n · β = ββ− n:
Hence β = 0 or n. Suppose χg2 = β = n. Since χ is faithful, g is an
involution and χg = −1 by Lemma 2.4.
Lemma 2.7. ψ11 = · · · = ψs1 = 1.
Proof. Since ψ1; : : : ; ψs are algebraic conjugate, ψ11 = · · · = ψs1.
By Eq. (5), 9 6= 0. Hence if ψi1 > 1 for some i, then there is an element
g ∈ G such that 9g = 0 by Lemma 1.3 (3). Let α = χg, β = χg2;
and γ = χg4. Since there is no element of order 4 by Lemma 2.5, g2 is
of odd order, and β = χg2 and γ = χg22 are algebraic conjugate. We
compute the values of β and γ in terms of α below using the equations in
Lemma 2.3 (2), (3).
First, since 9g = 0, α2 − a · α− 1 = 0 or α2 = a · α+ 1.
Now we have the following:
β = α2 − n− 1α
= a− n+ 1α+ 1
γ = β2 − n− 1β
= (a− n+ 1α+ 12 − n− 1(a− n+ 1α+ 1
= a− n+ 12α2 + 2a− n+ 1α+ 1− n− 1a− n+ 1α− n− 1
= a− n+ 12a · α+ 1 − n− 3a− n+ 1α− n− 2
= a− n+ 1(a− n+ 1a− n− 3α+ n− 1− a2 − n− 2:
Observe that β; γ ∈ Qα.
Suppose β = γ. Then by Lemma 2.6, either α = −1 or β = 0. If α = −1,
then a = 0. This contradicts Lemma 2.3 (1). On the other hand if β = 0,
then β = a− n+ 1α+ 1 implies that a 6= n− 1 and χg = α = 1/n−
1 − a. Because a = χ2; χ, we have a ≤ n − 1. Since α is an algebraic
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integer, α = 1. Again, we have a = 0, which is a contradiction. Therefore,
β 6= γ and γ is an algebraic conjugate of β in Qα. In particular, α 6∈ Q.
We claim that a < n − 1. As otherwise, β = a − n + 1α + 1 = 1 and
β ∈ Q, which is not the case.
Now the algebraic conjugate of α is a−α and γ = a− n+ 1a−α + 1.
Therefore, comparing the coefcients of α in the expressions of γ, we
have
−a− n+ 1 = a− n+ 1(a− n+ 1a− n− 3:
Since a < n− 1 by the claim above, we have
n− 4 = a− n+ 1a < 0:
This is a contradiction.
Proof of Proposition 2.1. Since ψ1; : : : ; ψs are algebraic conjugate, ker9
= kerψ1 = · · · = kerψs. Let N = ker9. If N = 1, then a linear character
ψ1 is faithful. So G is cyclic and χ1 = 1, which is not the case. Hence
N 6= 1.
Let x ∈ N − 1 and let α = χx. Since 9x = 91 = n2 − a · n− 1,
0 = α2 − aα− nn− a = α− nα+ n− a:
Since χ is faithful, we have α = χx = a− n. Therefore χN + n− a1N
vanishes at every nonidentity element. Thus this is a scalar multiple of the
regular character of N . Since N 6= 1 and χN; 1N = 0,
χN + n− a1N = n− aρN; (6)
where ρN is the regular character of N . Let d be the degree of an irre-
ducible constituent of χN . Since all nonprincipal irreducible characters of
N appear as constituents of χN , which are all conjugate in G by Clifford
theory. Moreover d divides the order of N; we have d = 1, as N = 1 +
d2 + · · · + d2. Hence N is elementary abelian as all nonprincipal characters
of N are conjugate. On the other hand by Eq. (6), N = 2n− a/n− a =
1+ n/n− a and n is odd by Lemma 2.3. Hence N is even and so N is
an elementary abelian 2-group. Since N 6= 1, it contains an involution t.
By Lemma 2.4, χt = −1. Hence using Eq. (6), we have n − a = 1 and
N = n+ 1.
Since kerψ1 = N and ψ11 = 1, G/N is cyclic. Note that G/N is of odd
order as there is no element of order 4 by Lemma 2.5. Because the center of
G is trivial by Lemma 2.4, CGN = N . Since G acts transitively on the set
of nonprincipal characters of N , it acts transitively on the set of nonidentity
elements of N by Brauer’s lemma [11, Corollary 6.33]. Therefore G is a
Frobenius group of order nn+ 1.
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Let λ be a nonprincipal irreducible character of N . As we have seen
above, λ is linear and a constituent of χN . Since G/N = χ1, χ = λG
and hence χ vanishes on G−N . Therefore 9+ 1 vanishes on G−N and
we may regard it as the regular character of G/N . Therefore
IrrG/N = 1; ψ1; : : : ; ψs:
Since ψ1; : : : ; ψs are all algebraic conjugate, s + 1 = n is a prime number.
This proves Proposition 2.1.
Proposition 2.8. Let G be a nite group and let χ;ψ1; : : : ; ψs ∈ IrrG.
Suppose χ is real valued, i.e., χˆ = χ, and it satises
χ2 = 1+ a · χ+ c · ψ1 + · · · + ψs; (7)
where ψ1; : : : ; ψs is a single orbit under the action of the Galois group
GalQ¯/Qχ. If χ is faithful and χ1 ≤ 3, then one of the following holds.
(i) χ1 = 1 and G is a cyclic group of order at most 2.
(ii) χ1 = 2, s = 1; and G is isomorphic to one of the binary poly-
hedral groups, SL2; 3 of order 24, SL2; 3 · 2 of order 48; or SL2; 5 of
order 120.
(iii) χ1 = 2, s = 1; and G is isomorphic to S3, the symmetric group
of degree 3.
(iv) χ1 = 3, s = 2; and G is isomorphic to A4, the alternating group
of degree 4.
(v) χ1 = 3, s = 1; and G is isomorphic to A5, the alternating group
of degree 5.
Proof. If χ1 = 1, then G is cyclic as χ is faithful. Since χ is real valued,
we have G ≤ 2.
If χ1 = 2, it is well known that G is either a dihedral group, a general-
ized quaternion group, or one of the binary polyhedral groups in (ii). See
[7], for example. By inspection, we have either (ii) or (iii).
Suppose χ1 = 3. Then we can use a well-known classication of nite
subgroups of GL3;C in [4, 9]. Hence we only sketch the proof in the
following. First note that if ψi’s are linear then either s = 1 or s is even.
It is because if s is odd, at least one of the ψi’s is real valued, and hence
integer valued. On the other hand, by the same line of argument we used
in Lemma 2.3, we have Alt2χ = χ. By inspection, it is not difcult to see
that there are three cases to consider.
(a) χ2 = 1+ χ+ ψ, with ψ1 = 5.
(b) χ2 = 1+ 2 · χ+ ψ1 + ψ2, with ψ11 = ψ21 = 1.
(c) χ2 = 1+ 2 · χ+ ψ, with ψ1 = 2.
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Since the order of G is divisible by 5 in the case (a), we have G ' A5.
Suppose the case b holds. Since χψ1 = χψ2 = χ, IrrG = 1; χ; ψ1;
ψ2 as χ is faithful. Hence G ' A4.
Finally suppose the case (c) holds. Let N = kerψ. Then it is easy to show
that χN + 1N is the regular character of N and that N is an elementary
abelian group of order 4. Moreover, G/N is a subgroup of GL2;C of
order divisible by 6, acting transitively on the set of involutions of N . We
now obtain a contradiction without difculty.
This proves Proposition 2.8.
3. PROOF OF THEOREM 1.1 FOR THE CASE χ 6= χˆ
In the following, we prove Theorem 1.1 when χ is not real valued, in a
sequence of lemmas. Namely, we prove the following. Note that in this case
b in Eq. (2) is 2.
Proposition 3.1. Let G be a nite group and let χ;ψ1; : : : ; ψr ∈ IrrG.
Suppose χ is not real valued; i.e., χ 6= χˆ,
χˆ2 = 2 · 1+ a · χˆ+ c · ψˆ1 + · · · + ψˆr; (8)
and ψˆ1; : : : ; ψˆr is a single orbit under the action of the Galois group
GalQ¯/Qχˆ. If χ is faithful and χ1 > 1, then G is a Frobenius group
with kernel N = kerψ and complement H of prime order p such that
p = χ1 = 2r + 1, N = 2p+ 1, and ψˆi1 = 2ψi1 = 2 for i = 1; : : : ; r.
Moreover, N is either an elementary abelian 3-group or a cyclic group of prime
order.
To prove Proposition 3.1, we need the following result in [12].
Proposition 3.2. Let G be a nite group of order at least 3 and let χ ∈
IrrG. Suppose that χ is faithful and that
χ2 = e · χ+ f · χ¯:
Let N be the kernel of a character 9 dened by the following:
χχ¯ = 1+ eχ+ χ¯ +9:
Then G is of odd order and the following hold.
(1) G = 3f + ef + e and N = 3f + e/f − e.
(2) N = g ∈ G χg 6= 0:
(3) N is the unique minimal normal subgroup, and it is an elementary
abelian p-group for some prime p.
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Now we start the proof of Proposition 3.1. Let G be a nite group,
and let χ be an absolutely irreducible character with χ 6= χˆ satisfying the
hypothesis of Proposition 3.1. Suppose χ is faithful and n = χ1 ≥ 2. Let
9 = ψˆ1 + · · · + ψˆr .
Lemma 3.3. The following hold.
(1) c = 2.
(2) χ · χ¯ = 1+ eχ+ χ¯ +9 for some integer e ∈ Z.
(3) χ2 = e · χ + f · χ¯ for some integer f ∈ Z, where e is the number
in 2.
Proof. By Lemma 1.3 (3), there exists an element g ∈ G such that
χg = 0. We have 2 + c ·9g = 0. In particular, we have 9g = −2/c.
Since 9g is an algebraic integer, c ≤ 2.
Since χ is irreducible, χ · χ¯; 1 = 1 and there exist integers e and c′ such
that
χ · χ¯ = 1+ eχ+ χ¯ + c′ ·9:
Note that χ · χ¯− 1− eχ+ χ¯ is invariant under the action of the Galois
group GalQ¯/Qχˆ.
Considering the degree of the both hand sides, we know that c′ 6= 0.
Since
2 + a · χˆ+ c ·9 = χˆ2 = χ+ χ¯2 = χ2 + χ¯2 + 2 · χ · χ¯
and c ≤ 2, we have c′ = 1. Hence c = 2 and the assertions in 2, 3 hold.
Note that
e = χ · χ¯; χ = χ2; χ:
Lemma 3.4. ψ11 = · · · = ψr1 = 1.
Proof. Since ψ1; : : : ; ψr are algebraic conjugate, they have the same
degree. Suppose ψ11 > 1. Then there is an element g ∈ G such that
ψ1g = 0 by Lemma 1.3 (3). Moreover, 9g = 0 as well. Hence by
Lemma 3.3, we have
χgχg = 1+ eχg + χg:
On the other hand, it follows from Proposition 3.2 that χg = 0 as g 6∈
ker9. This is a contradiction.
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Proof of Proposition 3.1. Let N = ker9. Since ψ1; : : : ; ψr are algebraic
conjugate, N = kerψi for all i. Since ψ11 = 1 by Lemma 3.4, G/N is
cyclic.
Let g ∈ G − N . Then by Proposition 3.2, χg = 0 and 9g = −1 by
Lemma 3.3. Hence if we regard 9 as a character of G/N , 9 + 1G/N is a
multiple of the regular character of G/N . Since 9 does not contain the
principal character of G, 9 + 1G/N is itself the regular character of G/N .
Since all constituents of 9 are algebraic conjugate, G/N is cyclic of prime
order p.
By Proposition 3.2, N is an elementary abelian group. Let N = qm with
a prime number q. Since G/N = f + ef − e = p is a prime number,
f − e = 1. Moreover, since χ12 = e · χ1 + f · χ¯1, n = χ1 = e+ f =
p = G/N. Thus we have N = 3f + e = 2p+ 1 = qm. This implies
2p = qm − 1 = q− 1qm−1 + · · · + 1:
Since G is odd, q− 1 is even. Since p is a prime number, we have either
q− 1 = 2, or q− 1 = 2p and m = 1.
This proves the assertions.
4. GROUP ASSOCIATION SCHEMES AND
REPRESENTATION DIAGRAMS
Let G be a nite group and let C0; C1; : : : ; Cd be the conjugacy classes.
Let
Ri =
g1; g2 ∈ G×G  g2g1−1 ∈ Ci}:
Then XG = G; Ri  i = 0; 1; : : : ; d becomes a commutative associa-
tion scheme and XG is called a group association scheme. For a conju-
gacy class C, let Cˆ = g; g−1  g ∈ C. If we take Cˆi instead of Ci above,
we obtain a symmetric association scheme gXG, which is called the sym-
metrization of the group association scheme. See [2, 5, 10].
It is well known that the BoseMesner algebra of the group associa-
tion scheme of a nite group G is isomorphic to ZCG, the center of
the group algebra. Let E0; E1; : : : ; Ed be the primitive idempotents of the
group association scheme and let
Ei ◦ Ej =
1
G
dX
h=0
qhi; jEh:
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Then these primitive idempotents correspond to irreducible modules and
qhi; j can be computed from the irreducible characters χ0; χ1; : : : ; χd of G
by the following formula:
qhi; j =
χi1χj1
χh1
χh;χiχj:
The representation diagram of a commutative association scheme XG =
G; Ri  i = 0; 1; : : : ; d with respect to a primitive idempotent Eh = E¯h,
denoted by D∗ = D∗X; Eh, is an undirected graph with 0; 1; : : : ; d as
the vertex set such that the adjacency for distinct vertices i and j is dened
as follows:
i ∼ j ⇔ qjh; i 6= 0:
A commutative association scheme is said to be Q-polynomial if the rep-
resentation diagram with respect to a primitive idempotent is a path.
The representation diagram of a group G with respect to a real valued
character χ, denoted by D∗ = D∗G;χ, is an undirected graph with IrrG
as the vertex set such that the adjacency for distinct vertices χi and χj is
dened as follows:
χi ∼ χj ⇔ χχi; χj 6= 0:
The real representation diagram eD∗ = eD∗G;χ is dened similarly by taking
RIrrG as the vertex set.
As remarked above the irreducible characters of a group G correspond to
the primitive idempotents of the corresponding group association scheme.
It is easy to see from the formula for qjh; i above that the representation
diagram of a group with respect to a real valued irreducible character is
isomorphic to the corresponding representation diagram of its group asso-
ciation scheme. And each real representation diagram is isomorphic to the
corresponding representation diagram of the symmetrization of its group
association scheme.
It is well known that the representation diagram with respect to a real
valued character χ is connected if and only if χ is faithful. See, for example,
[11, Theorem 4.3].
Suppose D∗ = D∗G;χ is a path; i.e., the corresponding group associ-
ation scheme is Q-polynomial. Then the group association scheme is nec-
essarily symmetric. So we consider the condition when the symmetrization
of a group association scheme becomes Q-polynomial. Then χˆ2 is a linear
combination of a principal character 1, χˆ and at most one more mem-
ber of RIrrG. Hence it satises the assumption of Theorem 1.1 with
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r = 1. Let
χˆ2 = b · 1+ aχˆ+ cψˆ:
If χ1 = 1, then G is cyclic as χ is faithful. Assume χ1 ≥ 2. If χ is not
real valued, it follows from Proposition 3.1 that χ1 = p = 3 and G is a
Frobenius group of order 21. Thus we may assume that χ is real valued.
Since r = 1, it follows from Proposition 2.1 that χ1 ≤ 3. Now by inspec-
tion of the representation diagram of each group listed in Proposition 2.8,
we have Theorem 1.2.
5. CONCLUDING REMARKS
1. Most of the characters appear in our results happen to be sharp
characters. Is there any explanation? As for the references of sharp char-
acters, see [1, 6].
2. When a representation diagram of an association scheme becomes
a tree, the embedding of the points of the scheme on a sphere enjoys a
very nice geometrical condition called the balanced condition [16, 17].
Since a path is a tree, it denes a class of association schemes contain-
ing Q-polynomial association schemes. All nite irreducible subgroups in
GL2;C satisfy this property. Can we determine all such group associa-
tion schemes?
3. When χ is real valued, the condition that Alt2χ is a multiple of χ
seems to be the key to have a classication. Is it possible to classify groups
having such characters?
4. Let χ;φ;ψ ∈ IrrG. Consider the conditions
χ ·φ = e · ψ or χ ·φ = e · ψ+ f ·φ
for some integers e and f . This is the condition when φ becomes a leaf
in the representation diagram with respect to χ. If φ1 = 1, then this is
always the case. But the condition above does not imply φ1 = 1. SL2; 5
gives such an example. This condition is interesting in connection with the
recent work of Terwilliger and others on tight graphs.
5. Let χ;ψ ∈ IrrG. Consider the condition
χ · χ¯ = 1+ aχ+ χ¯ + ψ:
There are several interesting examples such as GL2; 3, PSL2; 7, and
PSU4; 22.
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